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Abstract. The aim of this investigation is to show that supposed as-
sumptions in the original proof of Gédel’s First incompleteness theorem
allow to infer a decidability of formulas that were asserted as undecidable
in the theorem; moreover, we will prove that these decidable formulas
are provable.

Godel’s First incompleteness theorem reads as follows [Godel 1931b (engl.),
p- 98]:
Theorem 1. (Incompleteness theorem). For every w-consistent recursive class »

of formulas there are recursive class sings r, such that neither v Gen r nor
Neg(v Gen r) belongs to Flg(s) (where v is the free variable of r).

Let us express the theorem by means of the logical symbolization:

Vi |recursive(x) & ,consist(x) & 37"((7"5% & recursive(r)) D

v Genre Flg(»x) & (Neg(v Genr)) e Flg(%))}.

Because r does not occur as free in recursive(sx) and ,consist(x), given
above formal expression of the theorem may be rewritten as:

Ve, Hr[(recursive(%) & eonsist(x) & rex & recursive(r)) D

v Genre Flg(x) & (Neg(v Genr))e Flg(%)}.

Four members of conjunction in the antecedent of implication in last are
assumptions':

1) recursive(s); 3)re
2) weonsist(x); 4) recursive(r).

These assumptions allow to derive a decidability of undecidable formulas;
furthermore, we will prove that these formulas are provable. Before we propose
the proof of this result, let us turn to five supplementary lemmas?.

! It is obviously from the original proof of Gédel’s First incompleteness theorem
[Godel 1931b (engl.), pp. 98-100] and also from the reconstruction of it that was
made recently by author (the reconstruction will be published soon in Philosophy of
Science, the journal of SB RAS).

2 The proofs of lemmas and the decidability theorem are given with the help of the sym-
bolization technique of metamathematical predicates that was suggested by Godel



Lemma 1. If a class » of formulas is recursive, then for the given class sign r
can be defined whether it belongs to the class s or not.

Proof.

1. recursive(sx) =Vr(r e » V 7€ x) definition

2. Vr(A(r)) = A(r) logic rule

3. Vr(rex VTFex)=rex VTeEx 2by A(r)=resx V Tex
4. recursive(») = rex V 7€ x transitivity of =, 1, 3

5. recursive(sx) D rex V TE x =-elim., 4

a

Lemma 2. If the given class sign v belongs to a class >, then v Gen r belongs
to a class Flg(s).

Proof.

1. 7rex assumption
2.rex Drex V Ax(r) V (y,z e Flg(») & Fl(r,y, 2)) logic rule
3.rex Vv Ax(r) V (y,z € Flg(sc) & Fl(r,y,z)) m.p., 2, 1
4. re Flg(»)= resx VvV Azx(r) V (y,z € Flg(sc) & Fl(r,y,z)) definition
5. 1rex V Ax(r) V (y,z € Flg(sc) & Fl(r,y,z)) D re Flg(s) =-elim., 4

in his system P. It is assumed that this system and definitions of following notions
and relations are known by readers (see Godel 1931b (engl.)):

1) recursive(sx) =Vz(z € ¢ V T € x);

2) a class sign is a formula (a combination of signs) that has the form a(b), where
b is a sign of type 1 (i.e. a variable of the natural numbers) and a a sign of type 2
(i.e. a class of numbers); or has one of forms ~ (a), (a) V (b), zII(a), where z may
be any variable;

3)xe Flg(x)= zesx V Azx(z) V (y,2z € Flg(x) & Fl(z,y,2));

4)x Geny = zIl(y);

5) Sb(xy) = Subst a(y);

)
)
6) weonsist(sx) = Ja (Vn[Sb(a%(n)) e Flg(»)] & [Neg(v Gen a)] € Flg(%));
7) VR(recursive(R) = decid(R));

8) recursive(r) = recursive(R) & R < r (where the sign ‘S’ means a relation of
one-to-one correspondence between an arbitrary relation (class) R and its isomor-
phic relation sign (class sign) r);

9) Sb(rg(m) =7r(Z(n));

10) decid(R) = 3r(R — Bew(r) & R — Bew(Neg(r))),

and also it is known that with the help of 5 definition and some substitutions from
the scheme of axiom III.1 of the system P, — i.e., vII(a) D Subst a(y), — the
axiom vII(r) O Sb(ryz,)) turns out.




6. r e Flg(s)
7.vGenr=r

8. v Gen r e Flg(s)

9. rex D vGenre Flg(x)

m.p., 5, 3
logic rule

change rule,
7,6
D-enter.,
ass. elim., 1

a

Lemma 3. Suppose v Gen r belongs to a class Flg(s). Let Sb(r%(n)) be a for-
mula that results from a class sign r by a substitution for its free variable v by
a numeral of the number n; then does not exist a number n, such that Sb(r%(n))

does not belong to the class Flg(s).

Proof.

1. v Genre Flg(x)
2. vGenr = vll(r)
3. wlI(r) e Flg(s)

4. vlI(r) > Sb(ry,,)

ot
AN

z(vII(r) > Sb( rZ(n) )
z(vll(r) > Sb( (2w ) D
(vI(r)

il
b

Az(vIl(r) > Sb(ry,,)) Vv (vII(r) > Sb(rZ(n))) € xV

(y,stlg(%) & Fl((vII(r) > Sb(r ))
)

7. Az(vll(r) D Sb(r%(n))) v (vI(r )D Sb( Z(n) )exV

(y,zaFlg(%) &Fl((vﬂ(r)) Sb( 7‘Z n) ))
8. (vH(r)> Sb(r%(n))) e Flg(») =

Az (vII(r) D Sb(r%(n))) vV (vII(r) D Sb(r%(n))) e nV

(y,z e Flg(s) & Fi((vII(r) D Sb(r;(n))),y,z))

9. Az(vII(r) D Sb(rg(n))) Vv (vII(r) D Sb(T%(n))) e€xV

(y,z e Flg(») & Fl((vII(r) D Sb(r}(n))),y,z» >
(vI(r) D Sb(r;(n))) e Flg(»)
10. (vII(r) D Sb(ry,)) € Flg(5)

11. Fl (Sb(r;(n)), (0I1(r) > Sb(rY,)). vH(r))

assumption
definition

change rule,
2,1
axiom

Def. Ned2, 38

logic rule

m.p., 6, 5

definition

=-elim., 8

m.p., 9, 7

Def. Ne43



12.

13.

14.

15.

16.

17.
18. V

19. v
20. v
21. 3

22. v

vII(r) e Flg(») & (vII(r) D Sb(rg(n))) e Flg(») &

FL(Sb(r), (vII(r) D b)), Un(r))
vIl(r) € Flg(») & (vII(r) D Sb(rg(n))) e Flg(x) &

l (Sb(r%(n)), (vI(r) D Sb(rg(n)))7 ’UH(?“)) D
{vﬂ(r) e Flg(s) & (vII(r) > Sb(r%(n))) e Flg(x) &

Fl (Sb(r;(n)), (0I1(r) > Sb(rY,)) vH(r))}\/
Sb(rg(n)) exn V Ax(Sb(rg(n)))

!

{vH(r) e Flg(») & (vII(r) D Sb(r%(n))) e Flg(x) &
FU(Sb(ryq,), (0T(r) 5 Sb(r,)). vH(r))}\/
Sb(r%(n)) en V Ax(Sb(r%(n)))

Sb(ry,y) € Flg(s) =

{UH(T) e Flg(») & (vII(r) D Sb(rg(n))) e Flg(x) &

FU(Sb(ryq,y), (01(r) 5 Sb(rt,)), Un(r))}v
Sb(r%(n)) en V Aw(Sb(r%(n)))

{vH(r) e Flg(s) & (vII(r) D Sb(rg(n))) e Flg(») &

Fl (Sb(rg(n ), (vII(r) > Sb(ry,))), vl (T))}V
Sb(ry ) € % V Ax(Sb(r?, n))) D
Sb(ry ) € Flg(>)

b(r%( ) € Flg( )

= In[Sb(rY,,) & Flg(>)]

> ﬂn[Sb(rg(n)) £ Flg(s)]

rZ(n) e Flg(s)
Gen r e Flg(») D EIn[Sb(r%(n)) e Flg(>)]

&-enter., 3,

10, 11

logic rule

m.p., 13, 12

definition

=-elim., 15

m.p., 16, 14
V-enter., 17
logic rule

=-elim., 19
m.p., 20, 18

D-enter.,

ass. elim., 1



Lemma 4. Suppose a class » of formulas is w-consistent. Let Sb(r%(n)) be a
formula that results from a class sign r by a substitution for its free variable v
by a numeral of the number n; then either Neg(v Gen r) does not belong to a
class Flg(s) or exists a number n, such that Sb(ry,,) does not belong to the

class Flg().

Proof.
1. ,consist(x) assumption
2. ,consist(x) = definition

Ir (vn[sz;(r;(n)) e Flg(»)] & [Neg(v Gen )] ¢ Flg(%))

3. weonsist(sx) D =-elim., 2

dr (Vn[Sb(r%(n)) e Flg(»)] & [Neg(v Gen r)] € Flg(s)

Vr(Vn Tz(n) e Flg(»)] & [Neg(v Gen r)] € Flg(x)

N—

nlSb(ry ) € Flg(3)] & [Neg(v Gen r)] e Flg(s) m.p., 3, 1

N—

5. Jr (Vn[Sb(ry,,) € Flg(x)] & [Neg(v Gen r)] € Flg(x) ) = logic rule

N—

SN—

6. 3Ir (Vn (r%(my) € Flg(x)] & [Neg(v Genr)] e Flg(s)) > =-elim., 5

N—

Vr(Vn [SH( rZ( e Flg(»)] & [Neg(v Gen r)] € Flg(%))

7. Vr(Vn rz(n) e Flg(»)] & [Neg(v Gen r)] € Flg(%)) m.p., 6, 4

8. (Vn (ryeny) € Flg(x)] & [Neg(v Gen r)] e FZg(%)) V-elim., 7

9. ( b(ry ) € Flg(>)] & [Neg(v Gen r)] e Flg(%)) = A. de Morgan
Vn[Sb(ry, (m)) € Flg(> )] V [Neg(v Gen )] € Flg(s) rule

10. (Vn [Sb(r%,,)) € Flg(x)] & [Neg(v Gen r)] e FZg(%)) D =-elim., 9
vn[Sb(r, ) e Flg(»)] vV [Neg(v Gen )] € Flg(s)

11. Vn[Sb(rY, ) e Flg(»)] vV [Neg(v Gen r)] e Flg(x) m.p., 10, 8

12. Vn [Sb(rz(n)) e Flg(»)] = EIn[Sb(r%(n)) e Flg(s)] logic rule

13. In[Sb(rYy, ) e Flg(s0)] V [Neg(v Gen 1)) e Flg(s) change rule,

12, 11



14.

weonsist(s) D
Hn[Sb(r%(n)) e Flg(»)] vV [Neg(v Gen r)] e Flg(x)

D-enter.,
ass. elim., 1

a

Lemma 5. Suppose a class sign r is recursive; then either v Gen r or
Neg(v Gen r) belongs to a class Flg(s).

Proof.

DY ® N o gk W o=

19.

20.

recursive(r

ecursive(R) & RS r
D recursive(R) & RS r
RS

& R S r D recursive(R)
&

RSrD>DRSTr

(r)
recursive(r) = r
recursive(r) D r
recursive(R
recursive(R
recursive(R
recursive(R
RSr

VR(recursive(R) = decid(R))
recursive(R) = decid(R)

. recursive(R) D decid(R)
12.
13.
14.
15.
16.
17.
18.

decid(R)

decid(R) = 3r(R — Bew(r) & R — Bew(Neg(r)))
decid(R) > 3r(R — Bew(r) & R — Bew(Neg(r)))
Ir(R — Bew(r) & R — Bew(Neg(r)))

R — Bew(r) & R — Bew(Neg(r))

Neg(R) =R

R — Bew(r) & Neg(R) — Bew(Neg(r))

Neg(Bew(r)) — Neg(R) &
Neg(Bew(Neg(r))) — Neg(Neg(R))
R — Bew(r) & Neg(R) — Bew(Neg(r)) &
(
(

—_ —

Neg(Bew(r)) — Neg(R) &
Neg(Bew(Neg(r))) — Neg(Neg(R))

3 The corollary of Gédel’s Theorem V. See Godel 1931b (engl.), p.

assumption
definition
=-elim., 2
m.p., 3, 1
logic rule
logic rule
m.p., 5, 4
m.p., 6, 4

definition?®
V-elim., 9

=-elim., 10
m.p., 11, 7
definition
=-elim., 13
m.p., 14, 12
J-elim., 15, 8
definition

change rule,
17, 16

twice contra-
position, 18
&-enter.,

18,19

100.



21.

22.

23.
24.

25.

26.
27.

28.

29.

30.

31.
32.
33.

34.
35.
36.
37.
38.
39.
40.
41.

Neg(Bew(Neg(r))) — Neg(Neg(R
Neg(Bew(r)) — Neg(R) & Neg(R
(Neg(Bew(Neg(r))) - Neg(Neg(R)) & R — Bew(r)) &
(Neg(Bew(r)) — Neg(R) & Neg
Neg(Neg(R)) = R
(Neg(Bew(Neg(r))) - R & R — Bew(r)) &
(Neg(Bew(r)) — Neg(R) & Neg(R) — Bew(Neg(r)))
(Neg(Bew(Neg(r))) — Bew(r)) &

(Neg(Bew(r)) — Bew(Neg(r)))

Neg(A) - B=AVB

Neg(Bew(Neg(r))) — Bew(r) = Bew(Neg(r)) V Bew(r)

Neg(Bew(r)) — Bew(Neg(r)) = Bew(r) V Bew(Neg(r))

(Bew(Neg(r)) V Bew(r)) & (Bew(r) V Bew(Neg(r)))
(Bew(Neg(r)) V Bew(r)) & (Bew(r) V Bew(Neg(r))) D
Bew(Neg(r)) V Bew(r)

Bew(Neg(r)) V Bew(r)

vGenr=r

Bew(Neg(v Gen 1)) V Bew(v Gen 1)

Vz[Bew(z) — Bew,.(z)]

Bew(Neg(v Gen r)) D Bew,.(Neg(v Gen 1))
Bew(v Gen 1) D Bew,.(v Gen r)

Vz[Bew, (x) = x € Flg(s)]

Bew,,(Neg(v Gen r)) = Neg(v Gen r) € Flg(x)
Bew,,(Neg(v Gen 1)) D Neg(v Gen r) € Flg(s)
Bew,.(v Gen r) =v Gen r € Flg(s)

Bew,.(v Gen r) D v Gen r & Flg(x)

 Godel 1931b (engl), p. 99

5 Ibidem.

~—

) & R — Bew(r
— Bew(Neg(r)

~—

R) — Bew(Neg(r)))

commutati-
vity of &, 20
associativity
of &, 21
logic rule
change rule,
23, 22

twice transiti-
vity of —, 24
logic rule

26 by A =
Bew(Neg(r)),
B = Bew(r)
26 by B =
Bew(Neg(r)),
A = Bew(r)
twice change
rule, 27-28, 25
logic rule

m.p., 30, 29
logic rule

change rule,
32, 31
statement (8)*

V-elim., 34
V-elim., 34
statement (7)°
V-elim., 37
=-elim., 38
V-elim., 37
=-elim., 40



42. Bew(Neg(v Gen r)) D Neg(v Gen r) € Flg(s) transitivity of

>, 35, 39

43. Bew(v Gen r) D v Gen r € Flg() transitivity of
>, 36, 41
44. Bew(Neg(v Gen r)) V Bew(v Gen r) & &-enter.,

Bew(Neg(v Gen r)) D Neg(v Gen r) € Flg(sc) & 33, 42-43
Bew(v Gen r) D v Gen r € Flg(s)

45. (AVB& ADC&BD>D)DCVD logic rule
46. (Bew(Neg(U Gen 1))V Bew(v Gen 1) & 45 by A =
Bew(Neg(v Gen r)) D Neg(v Gen r) € Flg(s) & Bew(Neg(v Gen r)),
Bew(v Genr) Dv Gen r ¢ Flg(%)) > B = Bew(v Gen ),
Neg(v Gen r) € Flg(s) Vv Gen r € Flg(x) C = Neg(v Gen r) €
e Flg(»), D =
v Gen r e Flg(s)
47. Neg(v Gen 1) ¢ Flg(sc) Vv Gen r € Flg(x) m.p., 46, 44
48. recursive(r) D D-enter.,
Neg(v Gen r) e Flg(s) V v Gen r e Flg() ass. elim., 1
O

We now had been approaching to the main goal of present paper. The main
result about the decidability of undecidable propositions consists in following:

Theorem 2. (Decidability theorem). For every w-consistent recursive class »
of formulas, for all recursive class sings r v Gen r belongs to Flg(») whereas
Neg(v Gen r) does not belong to Flg(s) (where v is the free variable of r).

Let us express the theorem symbolically:

Ve, Vr[(recursive(%) & consist(x) & rex & recursive(r)) D

vGenre Flg(») & (Neg(v Genr))e Flg(%)]

Proof.

1. recursive(x) assumption 1
2. recursive(sx) D rex V TE x Lemma 1

3. rex VTeEx m.p., 2, 1

4. rex assumption 2



© »®» 3 o o

11.

12.
13.
14.

15.
16.

17.
18.

19.
20.

21.

22.

23.

24.

rex& (rex V T x)
rex& (rex VTen)=rex
rex& (rex VTex)Drex
rex

rex D vGenre Flg(s)

. v Genre Flg(x)

v Genre Flg(x) D Hn[Sb(T%(n)) e Flg(s)]

In [S’b(r%(n)) e Flg(s)]
weonsist(x)
wCOnsist(s) D

Hn[Sb(r%(n)) e Flg(»)] V [Neg(v Gen r)] € Flg(s)

Hn[Sb(r;(n)) e Flg(»)] V [Neg(v Gen )] € Flg(s)
[Neg(v Gen r)] € Flg()

recursive(r)

recursive(r) D

Neg(v Genr) € Flg(s) V v Gen 1 e Flg(s)
Neg(v Genr) € Flg(s) V v Gen 1 e Flg(s)
v Gen 1 e Flg(x)

v Gen re Flg(sx) & [Neg(v Gen r)] € Flg(x)

recursive(x) & ,consist(x) & r e » & recursive(r)

(recursive(x) & yconsist(s) & r € 3 & recursive(r)) D

v Gen 1 e Flg(x) & (Neg(v Gen 1)) € Flg()

V%,Vr[(recursive(%) & eonsist(x) &

& resx & recursive(r)) D

v Gen r e Flg(x) & (Neg(v Gen r)) € Flg(%)}

&-enter., 4, 3
elimination rule
=-elim., 6

m.p., 7,5
Lemma 2

m.p., 9, 8
Lemma 3

m.p., 11, 10
assumption 3

Lemma 4

m.p., 14, 13

resolution,
15, 12
assumption 4

Lemma 5

m.p., 18, 17
resolution,

19, 16
&-enter.,

20, 16
&-enter.,

1,4, 13, 17
D-enter., ass.-s
elim., 14,

22, 21

twice V-enter.,

23
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